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ABSTRACT

In this paper we introduce the concept of a prime radical of an ideal of an L-ring L(u, R) . Among
various results pertaining to this concept, we prove here that prime radicals of an ideal 7, its radical

\/ﬁ , its semiprime radical S(n) and its prime radical P(7) , all coincide. Also we prove that for a
primary ideal, its prime radical coincide with its radical. Moreover, we introduce the concept of primary
decomposition and reduced primary decomposition of an ideal in an L-ring. We obtain a necessary and
sufficient conditions for an ideal of an L-ring to have a primary decomposition. Some more results
pertaining to the decomposition of an ideal are established.

INTRODUCTION

With this machinery at our disposal, in this paper, we have further introduced the concept of a
prime radical of an ideal of an L -ring L(p, R) . It is proved that the prime radicals of an ideal 7,

its radical \/ﬁ its semiprime radical S(n) and its prime radical P(7), are identical. It is also

proved that the prime radical of an ideal of an L -ring is always a semiprime ideal. We have also
proved that for a primary ideal of an L -ring, its radical, semiprime radical and prime radical
coincide. We have established that semiprime radical of the prime radical of an ideal of L -ring is
the prime radical of the ideal.

PRIME IDEAL

Definition 2.1 Let L(u,R) be any L-ring. Anideal mn=p of nis said to be a

prime ideal of p if for all x,y e R, either

Nxy) A k(x) A ply) =n(x) A ply) orn(xy) Apx) Apdy) =n(y) A .
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Theorem 2.2 Let L(u,R) be an L-ring. An ideal n of 1 is a prime ideal of i if and
only if for each non-empty level subset v, either n.=uw., ornw, is a prime ideal
of .

Proof. Let n be a prime ideal of u. Suppose n, is a non-empty level subset of n
such that my#=puy. m, isanideal of pu,. Let x,yey, such that xyemn,. Then
n(xy) >t, u(x) > tand p(y) >t . Since n is a prime ideal of p, either

n(x) Ap(y) =n(xy) Ap(x) Ap(y) 2t or n(y) Apn(x) =n(xy) Ap(x) Ap(y) =t.

Thus either n(x)=n(X) Ap(y) =t or n(y) >n(y) An(x) >t. That is, either x en,or

yen,. Hence n, is a prime ideal of p,. Conversely, suppose for each non-empty

level subset n,, either m,=p, or n, isa primeideal of p,.Let x,yeR. Write

nxy) Au(x) Au(y) =t. Then xyen, xep, yep.If n=p,then x yen . If

n.is a prime ideal of p,, then either x en,or yen,. Suppose that x en,. Then
n(x) >t implies that
() A uly) 2tAat=t=n(xy) A u(x) A p(y) .

Since n is an ideal of u, we have

n(xy) A p(x) A p(y) = n(x) A u(y) .
Thus n(xy) A u(x) A u(y) =n(x) An(y) . Similarly if yen,, then

n(xy) A p(y) A uly) =n(y) A p(y) .
Hence n is a prime ideal of p.m

Theorem 2.3. Let L be a chainand L(u,R) be an L-ring. Asubring n =u of u is

a prime ideal of 1 if and only if, for all x, yeR

nxy) A ux) A u(y) = [nx) apy) IvIny) Apx)].
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Definition 2.4. Let L(u,R) be an L-ring. Anideal mn=#p of pis said to be a
semiprime ideal of p if

nX")Apx)=n(x), YvxeR &VvVneZ".
Theorem 2.5. Let L(n,R) be an L-ring. Let w=w, be an ideal of u. Then n is a
semiprime ideal of u if and only if, for each non-empty level subset n, either
=W orm, Isasemiprime idealof .
Proof. Suppose n is a semiprime ideal of u. Let , be a non-empty level subset
such that n,# p,. Suppose that x?%en, with x ep,. Since n is a semiprime ideal

of u, we have

nX) =nx?) Ap(X) >tat=t.
Hence x en,. Thus n, is a semiprime ideal of ..
Conversely, suppose n =pu is an ideal of pu such that for each non-empty level
subset n,, either m,=p, or n, isasemiprimeideal of p,. Let xeR, neZ".
Write n(x") Ap(x)=t. Then n(x") >t and u(x)>t.Thus x’ en . and x ep,. If
n=u, then xen,. If n, isasemiprime ideal of u, then xen,. Thus
nx) =t=n(x")Apn(x). Since n is an ideal of p, nKx")=n(x). Hence
nx") Apx)=nx) Aux)=nx). Thus n(x") Ap(x)=n(x), VxeR,ne Z". Hence
n is a semiprime ideal of p.m
Theorem 2.6 Let L(w,R) be an L-ring and w be a prime ideal of .. Thenn is a
semiprime ideal of . .

Proof. Let x € R. We show that

n(X") Apx) =n(x) , VneZ",
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We prove the result by induction on n. For n=1, the result is obviously true.

Assume that the result is true for n=k. Then n(x*) Ap(x) = n(x) . Since n is prime

ideal of u, we have either

k +1 k +1

M) A p(x) A p(x) =n(x) Apx) or n(x ") Ap(x*) Ap(x) =n(x) Ap(x‘).

Since L(u,R) is an L-ring, we have p(x“) >u(x) >n(x) . Thus
ne) Ap(X) =n(x) and p(x) Ap(x) =p(x) .
Hence

k +1

n(xX ) Apx) =n(x).
Thus n is a semiprime ideal of p .m
Definition 2.7. Let L be a complete lattice and L(n,R) be an L-ring. Let n be an

ideal of . The Radlical of n, denoted by ./n, is defined by
\/H(X) = Vv [n(Xn) /\u(x)] ,VxeR.

Clearly nc \ncu.
Theorem 2.8. Let L be a complete lattice and L(u,R) be an L-ring. An ideal n of
w s a semiprime ideal of v if and only if n =n.
Proof. Suppose n is a semiprime ideal of u. Then
nxX)AuX)=nKx), VxeR,VnelZ.
Thus

= v [0 A9 ]=ne, vx eR.

Hence \/n =n.

Conversely, suppose that /n =n. Then /n(x) =n(x), ¥x R . Hence,
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vInx") An)]=nm, vxeR.

nez*

Let meZ® and x eR .Then
0= v [nx") A ue0] = nex™) A w9 -
Since n is an ideal of p, n(x™) = n(x). Thus
n(x") A p(x) 2 n(x) Ap(x) =n(x) .
Hence n(x™) Au(x) = n(x) . Therefore n is a semiprime ideal of p.m
Lemma 2.9. Let L be a complete lattice and L(u,R) be an L-ring. Let n be an
ideal of u and 1 has sup property. Then (\/ﬁ) = Jn Nu, Ytel.
Proof. Let x eR. Since n has sup property, we have v, nx")=n(x") for some
meZ". Thus
2 A 100 v 700) 4 100 = ) A ), Wk 2
Hence
M) ARCOZ V. [n(x") ARG (X Ap(x).

Consequently

v [0 Ape]=nx™) A p) .

nez*

Let x ey/n, Nu,. Then x*en, and x ey, for some k € Z*. Thus
Ve = v [0 A9 ]2 ne¢) ane) 2t at=t.
Hence x e (\/TT)t and therefore /i, ﬂptg( \/ﬁ) . To prove the reverse inclusion, let

xG(\/ﬁ). Then \/n(x) >t. Hence
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(") Au() = v [nx")Aneo =m0 =t .

Thus x"enand x ep, . Consequently x e./m, Ny, . Therefore (\/ﬁ)t cn Ny, .m
Theorem 2.10. Let R be a commutative ring and L be a complete lattice. Let
L(w,R) be an L-ring and n be an ideal of u and has sup property. Then \[v is an
ideal of .

Proof. Let (\/ﬁ) be a non-empty level subset. Let x, ye (\/‘W_)t and a ey, . Then by
Lemma 2.9 x,ye \/nT Nu, . Hence there exist positive integers m and n such that
x"en, y'en,and X, yep. Now (—x)" =x" or —x". Since n is an ideal of n, by
Theorem 1.6 the non-empty level subset n, is an ideal of level subring p,. Thus

(-X) "en ,. Consequently —x <./n, and hence —XE(\/H)t . Now

n+m

(X + y) — Xn+m + nX m-+n-1 y +””n C'>(T'I+m—r yr +D +yn+m .

Since n, isanidealof pu,wehave "Cx"™ 'y en, Hence (x+y)""en,
Consequently  (x +Y) en, Nu= ( \/ﬁ)t . Now (xa)"=x"a"en, and hence

xa e \/ﬁﬂutz(\/ﬁ) . Thus (\/n_)t is an ideal of p,. By Theorem 1.6, \/n is an ideal

of p.m
Theorem 2.11. Let R be a commutative ring and L be a complete Heyting

algebra. Let L(n,R) be an L-ring and w be an ideal of ... Then \/ﬁ s an ideal of
K.

Proof. Let x,y eR. Clearly n(—x)=+/n(x).Let m,neZ*. Now

. n+m-1 .
n+m _ Xn+m n n+m C Xn+m—| yl n+m C Xn+m—| yl + yn+m ]

x+y) + 3 | + S

i=1 i=n+1
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Since nis an ideal of uwe have,

( n+m—i |) > T](Xn+m I)/\M(y ), Vi=12,.,n
T](Xn+m7i yi ) Zu(xnﬂnfi ) /\n(yi ), Yi=n+ 1,..., n+m-—i.

Also, u(x+Yy)=u(x) Au(y) as uis L-ring. Now
T]((X_i_y)n+m)>n(xmm) A%An( - 'y)w (n+m 1 (x M- |)1 /\n(ymm)

Py oA F
Li:l J Li=n+1 J
Therefore
A ™) Ay 2™ ()P A >) A
AYA M
J it (u( o ) An(y’ )) A n(Y”J”) (1) A u(y))
L i=n+1 A 1
(007 u(X)) AL @O ARO)
L. m J LI n+1 J

(Since pu(x') = p(x),Vi =

Again, since n is an ideal of u, wehave

( m+1

) A ) 2n(XT) Ap(X) A p(x) =n(x") A u(x) .

From this it follows that n(x™) Ap(X) =n(x™) Au(x), vk e Z*. Thus
mn () A () )= (") A p(x).

~

Similarly
" (y) A s(9)=1n(y" A u(y) =n(y") A u(y) .
AN

i=n+1

Therefore

n+m

7+ Y)™™) A (X +y) = (™) A 1A fr(y™) A a(y)] -
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Now

)= v [nece ancey)]

>(0c+9)"™ ) p(x+y)
> {6 AR f A NG ARK) §, Ymne Z
Thus for an arbitrary but fixed n e Z*, we have

ez v {0 Areo)a (n(y) A u(n) §

I (n(x'“)w(x)}] A (M AnEy))

meZ+*

(Since L is complete Heyting algebra)

= M) A (n(y” ) /\M(y))-

Again since L is complete Heyting algebra and n is arbitrary, we have

ey ¥ a0 A (a0 A u() }

nez”*

= 0] v (M AR
1 J
=) Ayn(y).

Now
n(Oy)") A pxy) 2y ) Apx) A p(y)
>n(X") Ap(y") Ap(x) Ap(y) (Since n is an ideal of )

—(NOMARM) ARG (Since u(y") = u(y))

Therefore

)= v {n(E)") Ao §
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> v {(n(x” ) A u(X))/\ h( Y)}

nez™*

. (n(X”)Au(X)}] AR(Y)

neZ*

(Since L is complete Heyting algebra)
=\n0) Ar(y)

Similarly /m(xy) =n(y) Ap(x). Hence \/n is an ideal of 1 .m

Theorem 2.12. Let L be a complete latticeand L(n,R) be an L-ring. Letw and
0 be ideals of u. Then

ng@:ﬁgx/@.

Proof. Obvious.
Theorem 2.13. Let R be a commutative ring and L be a complete Heyting

algebra. Let L(1,R) be an L-ring andn be an ideal of n. Then \\n =n.

Proof. By Theorem 2.11, \/ﬁ is an ideal of u. Since nc \/ﬁ, by the above

theorem, we have \/ﬁ c+/4/n . To prove the reverse inclusion, let x € R . Now

Fnea= v Lnee) i}
v v ey Au(Xn)]/\u(X>}

neZ LmeZ+
— v+ﬁ v [n(xnm) /\;,L(Xn)/\;,t(x)]}> .
neZ hneZ *
(Since L is complete Heyting algebra)
—v v e aueoll. (Since w(¢) = w00)
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Since for each neZ™, \;[n(x“m)/\p(x)] < \/ﬁ(x), we have
W= v v e anell< yaco.
Thus +//n <4/ . Consequently /\/n =7 .=

Theorem 2.18. Let R be a commutative ring and L be a completely distributive
lattice. Let L(w,R) be an L-ring. Let n and © be ideals of n. Then

JnNe = ynNVe=yne .

Proof. Let x € R. Now

o) = v [mNO)M)Ar)]= v [nex") A0(x") Ant)]

= v Ay nw s [oam) au]
_ I v [n(x”)/\u(x)]] /\( v [G(Xn)/\u(X)y

TneZJ' nez*

(Since L is completely distributive)

= \/ﬁ(x)/\ \/6(X) =(\/ﬁ ﬂ\/a)(x) .
Thus \nN6=/nN~6.

Now, since n and 6 are ideals of u, By Theorem 2.17, n0is an ideal of u. Also
by Theorem 2.15, we have n6cnucn. Therefore by Theorem 2.12, \/noc/n.

Similarly /6 <v6. Thus \nB<mN+/6 =nN6. Next, let x e R. Then
2009 = v 006 w0l Ty oo o

neZ* n22<Lv n
b [

Now
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nfl[n (x) A0 ]2 [nx ™) 000 v [n() ro(x™)]

= [0 v o Ja o) v o)
(Since L is completely distributive)
= (") A0(X")  (Since n(x"") = n(x))
= (MNO)(X").
Thus /n6(x) > nzz{(m 9)(X”*1)Ay(x)}=\/W)(x). Hence mNO <M.
Consequently /n6 = N6 .=

Theorem 2.19. Let R be a commutative ring and L be a complete Heyting
algebra. Let L(n,R) be an L-ring. Letw and 0 be ideals of n with n(0) = 0(0) .
Then

o e JTriTo—yn e

Proof. By Theorem 2.11, \/ﬁ and /6 are ideals of 1. By Theorem 2.16, mn+ 0
and n++0 are an ideals of u. Clearly n+v08cy\n+v0.Since nc n and
0c+/0, wehave n+0c+n++0. Thus by Theorem 2.12 /n +6 < /yn++/0 . By

Theorem 2.11, n+6 isanideal of u.Thus, . n+6+n+6=,n+6. Since
ncn +6, by Theorem 2.12 we have \/nc\/n+ 6. Similarly ~/6 =/n+ 6 . Therefore

\/ﬁ+x/6g\/n+6+\/n+ 6=\/n+6.
Thus by Theorem 2.12 and Theorem 2.13, \/\/H—F\/Eg\/\/n +6 =,/n +0. Hence

JVn+vVe=\n+6.m
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Definition 2.20. Llet L(w,R) be an L-ring. An ideal w#n of u is said to be

primary ideal of i if for all x,yeR , we have either

Nx) Ap(y) = n(xy) Ap(x) Apdy) (1.1)
or N(y) AR(X) 2n(Xy) Ap(X) Ap(y) (1.2)
or NX")AuX) ANY™) Apy) 2 nxy) anx) Apy) ,  (1.3)

for some integers m,n > 1.

Obviously, every prime ideal of an L-ring L(i, R) is a primary ideal of p.

Lemma 2.21. Let R be a ring. An ideal I of R is primary if and only if, whenever

xy el we haveeither

xeloryel or(x" &y" el ), for some integersm,n>1.

Proof. Suppose that the ideal I is primary. Let xy €l . Then we consider the
following three cases.

case (i) xel,yel.

Since I is a primary ideal and x ¢l , we have y" el for some positive integer m.

Also m>1, since y¢ 1. Similarly, we have x"el for some integer n > 1.

Case (ii) x ¢! and either x"¢lory"¢l for any integer n> 1.

Again, since I is a primary ideal and x ¢1, we have y" el for some integer m >1.
We show that yel. Suppose vy ¢ 1. Then m > 1. Therefore by the hypothesis

x "¢ | for any integer n > 1. Since I is primary and ye¢l, x"el for some integer

m>1.As x¢l, therefore m > 1. Hence x" el for some integer m > 1, which is a

contradiction. Thus yel .
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Case(iii) y¢l and either x"¢ lor y"¢l for any integer n > 1. The proof of this
part is similar to that of case (ii).

To prove the converse part, suppose xy el and x ¢l . Then either yel or there
exists integers m,n>1 such that x"<l and y"el. Thus, in either case y" el for

some positive integer m. Similarly if y¢1, then x"el for some positive integer n.

Thus I is a primary ideal of R. m
Theorem 2.22. Let L(n,R) bean L-ring and n be an ideal of it with w# . Then
n Is a primary ideal of v if and only if for each non-empty level subset,, either
=W orw. Isaprimaryidealof y,.
Proof. Suppose n is a primary ideal of pand n, is a non-empty level subset such
that n,= .. Let Xy en,, X, yeyn,. Then it follows that n(xy) Au(x) Au(y) >t . Since
n is primary ideal of u, one of the conditions (1.1), (1.2) and (1.3) hold. Now, if
condition (1.1) holds then

n(x) 2 n(x) Aply) 2 n(xy) Apx) Auy) = t.
Thus x en,. If (1.2) holds, then

n(y) = n(y) Apx) = n(xy) Au(x) Apfy) = t.
Thus yen,. In case condition (1.3) is valid, we have

n(x") A ux) Any™) Auly) = n(xy) A p(x) A ply) > t

for some integer m,n>1.

Thus X", y" e n, Therefore, by Lemma 2.21, n , is a primary ideal of y,.

Our next result shows that every semiprime ideal of an L-ring which is also

primary is a prime ideal. =
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Theorem 2.23. Let L(u,R) be an L-ring and n be a semiprime ideal of u. If n Is
a primary ideal of u, then n is a prime ideal ofp.
Proof. Let x, yeR . Since n is semiprime ideal of u, we have
n(x") Amx)=n(x) and ny") Any)=n(y), vn,me Z".
Thus
n(x") A p(x) An@y") A py) =n(x) An(y), vn,me Z* (1.4)

Since n is a primary ideal of p, one of the conditions (1.1), (1.2) and (1.3) holds.

If condition (1.3) holds then for some integers r,s > 1, we have
N(X) A p(x) An(y’) Anly) 2n(xy) Apx) Au(y).
From this alongwith (1.4), we have
n(X) A(y) 2n(x) An(y) =n(x’) Aux) An(y’) Au(y)
2N(Xy) AR(X) Au(y) -

This again gives us condition (1.1). Therefore, either condition (1.1) or (1.2)

holds. Since n is an ideal of un, by Lemma 1.17, we have

n(xy) Ap(x) Ap(y)=n(x) Ap(y) and nxy) A p(x) A p(y) = n(y) A px).
Thus either,

n(xy) Au(x) Ap(y) = n(x)Aply) or n(xy) An(x) Auly) =n(y) Au(x) .
Therefore n is a prime ideal of p.m

Theorem 2.24. Let R be a commutative ring and L be a complete lattice. Let
L(u, R) be an L-ring andw be a primary ideal of 11 and has sup property. Then

Jn is a prime ideal of u. Also | \n = n .
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Proof. By Theorem 2.10, ./ is anideal of p.Let x,yeR. Since n has sup

property, there exists meZ" such that

ney) = v [0y A r0w)] = n(x"y") An(y). (1.5)
Now

) = v <) A e anx), s €2
Hence

VN AR(Y) = ) Ap() Anly), VseZ'. (1.6)
Similarly

W) ARE) = ) ARG Ap(y), Vs e Z° (1.7)
Since n is a primary ideal of u, by Definition 2.20, we have either

nx"y") Ap(X") Ap(y™) <m(x™) Ap(y™) (1.8)
or  MX"Y") AR(X") Ap(Y") <m(Y") Ap(X™) (1.9)
or  MX"Y")AR(X") Ap(Y") <SNX™) AR(XT) ANY™) A p(Y") (1.10)

for some integers k,r > 1.

By (1.5), we have
TOY) ARG) A(Y) = n(XTY™) Ap(Xy) AR AR(Y)
=n(x"y") AUX) Ap(y)
=nX"Y") A pu(X") A Y™ A p(x) A p(y) -
If (1.8) holds, then
JNxY) ARG Ap(y) < nXT) ARY™) A OO A 1Y)
= [n(x™) ApeO ] Any)
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<) AR(y). (by (1.6))
If (1.9) holds, then
JN(xy) ARG) AR(Y) <nY™) A XT) A ) A u(y)
=™ ALK AR(Y)
< ny) A uy). (by (1.7))
In case, condition (1.10) is valid, then
In(xy) Ap(x) Ap(y) < nx™) ARX™) AnY™) ApY™) AR AR(y)
=n(X™) ANY™) A BKX) A By)
= [n6™) Ane) anCp ]ALn(y™) Auy) ane ]
<[hArm A[Vn(y) Aue]
<m0 An(y) -

Hence .,/ is a prime ideal of p. By Theorem 2.6, ./n is a semiprime ideal and

hence by Theorem 2.8, \/\n =/n .m

Definition 2.25. Let R be a commutative ring and L be a complete lattice. Let
L(u,R) be an L-ring. Let n be a primary ideal of u and n has sup property . Then
n is a prime ideal of u, called the associated prime ideal of 1.

Our next result shows that the associated prime ideal of n is the smallest prime
ideal of u containing n.

Theorem 2.26. Let R be a commutative ring and L be a complete lattice. Let
L(n, R) be an L-ring. Let n be a primary ideals of u and has sup property. Then

the associated prime ideal of n is the smallest prime ideal of u containing n.
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Proof. Suppose 6 is a prime ideal of p such that n < 6. Since 0 is a prime ideal of
u, 0 is a semiprime ideal of p. Hence by Theorem 2.8, we have /6 =0. Now
n <6 implies that \'ncv/6=6.m

Theorem 2.27. Let R be a commutative ring and L be a complete chain. Let
L(n, R) be an L-ring. Letw and 6 be ideals of i such that mc0c \/ﬁ . Suppose

thatn has sup property and fora,b € R , we have
n(ab) > 6(a) = n(ab) =n(b) .
Then 1 is a primary ideal of u and \n = .
Proof. By Theorem 2.10, ./ isanideal of u. Let a, b e R. Then the following

three cases arise.

Case (i) n(ab) >0(a) .
Then n(ab) =n(b). Now n(b) rp(a) =n(b) Apn(b) Au(a) =n(ab) rp(a) Ap() .
Case (ii) 1(ab) <6(a) and n(ab) > O(b) .
Then n(ab) = n(a) . Now, we have

n(@) A u(b) =n(a) Ap(a) Apn(b) =n(ab) Au(@) Ap(b) .
Case (iii) n(ab)<6(a) and n(ab) < 6(b).
Since <6< +/n, we have
n(@b) <6 < V(@ = v [na") Au@]=n@") au(a) , for some k = z°

(Since  has sup property).

Similarly n(ab) <n(b™) Ap(b), for some mez'. Thus

n(ab) Au(a) Au(b) = [n(ab) Au(a) Au(b)]A[n(ab) Au(a) Au(b)]
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<[n@) au@ an@ ] [n6") Auta) anto)]

=n(@) A u@) Anb™) A ub), for some k, mez*.
Thus n is a primary ideal of p.
To show that /n =6, it is sufficient to show that /< 6. Let a eR. Firstly we
show that n(a") <06(a), V,n e Z". Suppose this is not the case. Then there exists
keZ" suchthat n(a“) > 6(a). Let m be the smallest positive integer such that
n@")>0(a). Since 1<, wehave n(@) <0().Thus m>2. Now n(a™'a) > 0(a) .
By the given hypothesis, we have n(@")=n@"").Thus n@"*)=n@@") > 0(@a),

which is a contradiction. So that n(a")<0(a), vn e Z". Therefore
(@)= v [n@)au@]s v n@) <o@ .

Hence \n c 6.m

Lemma 2.28. Let L be a complete lattice and L(u,R) be an L-ring. Let {n } be a

chain of prime ideals of 1. Then (\n, is a prime ideal of p.

Proof. (\n; is an ideal of u. Let (ﬂnij be a non-empty level subset. Suppose
i i t

that {HH‘J # 11, . By Lemma 1.14, (ﬂnj =ﬂ(ﬂi)t . Since (ﬂni) is non-

! t

empty, (n,) is non-empty for each i. Since for each i, n, is prime ideal of p, by

Theorem 2.2, either (n ), =heoor (m i)t is a prime ideal of p,. Let XYE(ﬂ Tl_\| '

t

X, yep,. Then xye(n,) for each i. If possible, x¢(\(n,), and ye (). Then

there exists j,k such that x ez(nj) and yg(n) . Since {n.} is a chain, we assume
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that ncn . Thus (1) c (M) : Hence  x¢(n) andy ¢(n ) . This contradicts
j k it t it It

that either (n% =y or (ﬂ,—) is a prime ideal of pu,. Thus, either
X €M i)t =(ﬂni or y eﬂ(ni)t . Hence (ﬂmw is a prime ideal of M By

| Ui i Ui
Theorem 2.2, n is a prime ideal of p.
Theorem 2.29. Let L be a complete lattice and L(u,R) be an L-ring. Then, the
intersection of an arbitrary family of semiprime ideals of i is a semiprime ideal of
M.
Proof. Let {n”}d be a family of semiprime ideals of u. Then by Lemma 1.16,

n: is anideal of pn. Let xeR,neZ". Since for each ie, n,is semiprime ideal

of u, we have
N (X") Apx)=n;(x), Viek.
Now
ey e =l Amie) o= {”i(xn) Ao §
Liex J Lier ) ien
()
= AM;(X) =| ﬂni |(X) .
&n \ie?x )

Thus (n;,is a semiprime ideal of . .m

iel
Definition 2.30. Let L(w,R) be an L-ring and n be an ideal of u. A prime ideal 6

of u Is said to be a minimal prime ideal of n (or an isolated prime ideal of n), if
n <0 and there is no prime ideal v of u such that ncv 0.

Let L(u,R) be an L-ring. Consider the L-subset 6,: R — L defined by
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GH(X):/\RM(X), VxeR.
Then 6,is a prime ideal of n called the minimal prime ideal of p.

Theorem 2.31. Let L be a complete lattice and L(u,R) be an L-ring. Let n be an

ideal of u and 6 be a prime ideal of u such that w= 0. Then there exists a minimal
primeideal v of n such that ncv 9.
Proof. Let 3= {v|vis prime ideal of pand ncvc6}. The family 3 is non-empty,
since 0e3J. Define a relation of partial ordering <on 3, as follows

v, <v, if v, cv,.

Consider a chain tin 3. Write vy= [v;. By Lemma 2.28, v, is a prime ideal of

viet
u. Since n < v,c 0 for all v; e v, we have ncv,c 0.Thus v,e3.Also v,cv;, for
all v,et. Therefore v,<v, forall v;et.Hencev, isan upperbound of the
chain tin 3. By Zorn's Lemma, 3 has a maximal element v’ (say). That is,

v eJ andif Ve 3 with v'<v', then v'=Vv'.Since v e 3, v'is a prime ideal of
psuch that n < v'c 6.To show that v'is a minimal prime ideal of n, let ¢ be
any prime ideal of psuchthat mncé&cv .Then €e3 and v <&. Since V'is
maximal element of 3, we have v =& Hence v’is a minimal prime ideal of n
such that ncv' <0 .m

Theorem 2.32. Let R be a commutative ring and L(u,R) be an L-ring. Letn be
a semiprime ideal of v and v be an ideal of . Then n is an ideal of p.

Proof. Let x, yeR . Since n is a semiprime ideal of v, we have

n(xy) =n((xy) (xy)) A v(xy)
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>1(X) Av(Y(XY)) Av(XY) (Since n is an ideal of v)
>1(X) Av(XY) Au(Y) AV(XY) (Since v is an ideal of n )

>n(X) Au(y) Av(X) Ap(y) (Since v is an ideal of p)

=n(X) Au(y) (Since ncv)
Similarly n(xy) > n(y) Au(y) . Thus n is an ideal of p.m

Corollary 2.33. Let R be a commutative ring and L(w,R) be an L-ring. Let n be
a prime ideal of v and v be an ideal of u. Then n is an ideal of .

Proof. Obvious.

Definition 2.34. Let L(u,R) be an L-ring. An ideal n of p is said to be
irreducible if, whenever n =v0, for some ideals v and 0 of u, then either v=n

or 0 =n. An ideal n of p is said to be reducible if it is not irreducible.

Definition 2.35. Let L(y,R) be an L-ring and n be an ideal of . Let {(n;,w)}
be the family of distinct pairs of non-empty level subsets. Then n is said to be a
prime ideal of u of rank r if there exists exactly r distinct pairs of level subsets,
(Me» ) such that n, is a prime ideal of u, and n,=u, for all other pairs.

Clearly every prime ideal of u of rank r is a prime ideal of p.

Definition 2.36. Let L(u1,R) be an L-ring. An ideal n of u is said to be weakly
prime ideal of p if for every pair of non-empty level subsets, (n ,u) with n=R,
n.is a prime ideal of p,.

Example 2.37. Let R be the ring of integers and L be a chain of four elements

ty<ty<t;<ty. Define p:R—L as follows :
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b, ifxe(2)
a2t i xe@)-@2)

t, if xe(2)-(2%)

t, if xeR-(2).

Then L(u,R) is an L-ring. Define n: R — L as follows :

n(x)

t, ifxe(2?)

t if xe(2%)-(2*
t if XEEZZg—EZSB
2

t, if xeR—(2%).

Clearly n is a weakly prime ideal of u. Define v:R — L as follows

ty, ifxe(2?)
v@):tl if x e(2®)-(2*)
t,  ifxe@)-2%)
t;, ifxeR-(2).
Clearly v is a prime ideal of p of rank 2. Moreover, v is reducible since v =_0,
where ( and 6 are ideals of u defined by
H% if x e(2°)
Qm=f2 if x €(2) — (2°)
L ifx e R—(2)
t, ifxe(29)
0 t, if x e(2°) - (2*)
(@=j _ ,
t,  ifxe(2)-(2%)
t, ifxeR-(2).
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Theorem 2.38. Let L be a chain and L(w,R) be an L-ring. Let n be a prime ideal

of rank 1 such thatn Is a prime ideal of n

t to

for some t,e lmu. Then n is

irreducible in p.
Proof. Let n=v( 0, where v and 0 are ideals of p. Then ncvcu and
ncbcu, and hence  ncv.ay, and n,c0.cp,,vVtelL. Now

n, =(vNe), =v, N6, . By the hypothesis n, is a prime ideal of p. Since every
prime ideal of a ring is irreducible, we have either v, =n,_ or 6  =n,. Before we
show that n is irreducible, we prove that

vi=m,and 6,=mn,, VteL with t <t.
Let teL with t,<t. Since t,eImy, HEH Thus (1, ut);t(nfou to). Since n is
a prime ideal of u of rank 1 and n ., is a prime ideal of p , we have n,=p,. By

using n,cv,cu,, we have  v,=n,. Similarly 6,=n,. In order to show that either
v=no0r 0=n, we consider the following cases.

Case (i) v, =n, and 6_#n. As we have nco6cu, Vtel, therefore
N, £9, - We prove that v,=n,, Vtelmv. If possible, there exists t, € Imv such
that v, »n.. Aswe have ncvcp, Vtel, therefore n, Vi Since v,=n,,
VteL with ty<t, we have t,<t,.Thus 6, c9. Since n is a prime ideal of u
and n, Vi SHy by Theorem 2.2, Tltfs a prime ideal of M Since n is a prime
ideal of u of rank 1 such that n ., is prime ideal of n,_, we have N, =N M, =R
. Since every prime ideal of a ring is irreducible, n . Isan irreducible ideal of p "

Now n,=v, N6, and n, gv,. Therefore n, =6.Thus 6 =n =n,c6,c6,,
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which is a contradiction. Thus v,=7n,, Vtelmv and ncv.BylLemma 1.7, we
have v =n.

Case (i) 6,=n, and v, _#7. This case is similar to (i). In this case ¢ =n.
Case (iii) v, =1, and 0 , =M, We show that either

v=n,Vtelmv orf, =n,,vVtelmo.

If possible, there exists t, e Imv and t, Im6 such that v#n , and 6 _#n.In

view of the fact that n,cv,cn, and n,cb,cn, Vtel, wehave N, GV, and
., g9, - We have shown above that v.=m, and 6,=nm,Vtel with t,<t.
Therefore, we have t,<t, and t,<t,. Since nis a prime ideal of nand

Ny, GVi S By by Theorem 2.2, n, is a prime ideal of M Moreover, nis a prime
ideal of rank 1 such thatn  is a prime ideal of u,_,and thus n =n, p_=p, .
Now, since every prime ideal of a ring is irreducible, n L s irreducible ideal of u .
Thus from n =v, N6, and n Vi We have that n, =6 . Hence
0, =n,=n_=6, %etz, since t,elm6 and t,<t,. Thus t,<t,. Similarly, we can
show that t, <t,, which is a contradiction. Thus we have either v,=n1,
Vtelmv or 6,=n,, Vtelm6.We haveeither v=n or 6=n. Thusn is

irreducible in p.m

Theorem 2.39. Let L be a complete chain and R be a commutative ring with
unity. Let L(u,R) be an L-ring and n be an ideal of u and has sup property . Let

Jn be a maximal ideal of u such that () . s a maximal ideal of ., , t,e Im p

and n, =R. Then n is a primary ideal of .
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Proof. Let , be a non-empty level subset of u, such that n, H We show that

n.is primary ideal of u,. Now, two cases arise :

Case (i) (\/ﬁ)t = . Then by Lemma 2.9, we have  /n, N, =p,. Let ab em,,

a, bey, and aen,. Now b ep= /n, Nc /n, - Thus m, is a primary ideal of u

Case (i) (\/ﬁ) # 1, . By Theorem 1.12, we have (\/ﬁ)t = (\/)]t and p=p,  =R.

Therefore, we have
()= () =V = n NR=n, .
By the hypothesis, (\/71 4§ is @ maximal ideal of My, 7 therefore \/E is a maximal

ideal of R. Consequently in view of a result of classical ring theory n, is a primary

ideal of R. That is, n; is a primary ideal of p;.m

Theorem 2.40. Let L(u,R) be an L-ring. Let n be a prime ideal of u and v be an

ideal of u. Then nNv is a prime ideal of v.

Proof. It is easy to verify that n(v is anideal of v. To show that n(v isa

prime ideal of v, let x, yeR . Now
(NV)(XY) Av(X) Av(Y) =n(xy) Av(XY) Av(X) Av(y)
= 1(xy) AV () AV () (v(xy) 2 v(x) A v(y))
=n(Xy) AR(X) Ap(y) Av(X) Av(y) (n(x) 2 v(x))
Since n is prime ideal of u, we have either
N(Xy) A p(x) A uly) =n(x) A ply) or n(xy) Au(x) Auly) =n(y) Au(x) .
If n(xy) A p(x) A uly) =n(x) An(y) , then we have
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(MM V)(xy) Av(X) Av(Y) = n(X) Ap(y) AV(X) Av(Y)
= (MM V)(X) Av(y)

Similarly, if n(xy) An(x) Au(y) =n(y) Au(x) , then we have
(MM V)(xy) A v(X) A v(y) = (N v)(Y) A v(X).
Thus nv is a prime ideal of p.m
Theorem 2.41. Let L be a complete latticeand L(w,R) be an L-ring. Let v be a

semiprime ideal of . Then for any ideal n of u with ncv, we have \/ﬁ cv.

Proof. Since v is a semiprime ideal of p, by Theorem 2.8, we have +/v =v. Since

ncv, by Theorem 2.12, we have \/ﬁg Jv=v.m

Corollary 2.42. Let L be a complete lattice and L(n,R) be an L-ring. Let n bean
ideal of u. Then n and \Jn are contained in the same prime ideal of p.

Proof. Obvious.
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