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ABSTRACT

In this paper we improve certain existing results in the theory of L-
subrings. In particular, we present some characterizations of ideals and left
ideals of an L-subring. Moreover, we introduce the concept of maximal ideal in
an L-ring L(y,R). Our approach is similar to that of classical ring theory. We
also extend a well known result for maximal ideal of classical ring theory. Then
we provide two different necessary conditions for an ideal n of an L-ring L(u, R)
to be maximal. We show by examples that these conditions are not sufficient. A
partial converse of one of these conditions is also established.

INTRODUCTION

The concept of maximality of a subalgebra in a given algebra has been a topic
of serious discussion and investigation in the studies of classical algebra.
However, the same is not true in the field of fuzzy algebraic structures. The main reason behind
this lack of attention towards this concept is the fact that in the fuzzy setting the subalgebras are
the generalizations of subobjects of an object of a given category of algebra such as fuzzy
subgroups of a group, fuzzy subrings and fuzzy ideals of a ring. In order to make such studies
meaningful and more fruitful in the class of rings, we consider an L-subring p of an ordinary ring
R and we call the system L(u,R) an L-ring. This system L(u,R) can be considered as an object

of a suitably defined category. Then we discuss the concept of subobjects of these L-rings in the
form of L-ideals and L-left ideals of an L-subring p.

It is shown that for a lattice L and a ring R, nelL® is an L-ideal of

L-subring pif and only if level subset 1, is an ideal of level subset pa for all
ae Ian{b elL|b< n(O)}. It is shown that for a chain L and a ring R, if neL® is
an L-left ideal of p, then the strong level subset 1, is & left ideal of strong level

subset u: for all 3 € L — {1} . The converse of the above result is true provided L
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is a complete dense lattice. We have shown that the converse of the above

result remains valid provided L is a chain. We have also shown that for a chain
L, a subring n of an L-ring L(u,R) is a left ideal (ideal) of u if and only if na is a

left ideal (ideal) of ua for all ac(ImMmU Imp) N{b eL |b<n(0)} .

We extend the notion of maximality of an ideal of a ring to the L-setting. Our
approach is similar to that of classical ring theory. For an L-ring L(u,R), we say
that a proper ideal n of p is maximal in p, if n is not properly contained in any
proper ideal of p. To justify our definition, we extend the following result of
classical ring theory — An ideal I of a ring R is maximal in R if and only if for

every X eR such that X ¢l , the ideal generated by IU{X} is R. We prove that,

for a chain L and a ring R, if an ideal n of an L-ring L(y,R) is maximal then
among all the distinct pairs of level subsets {(T] At t)} , there is exactly one pair

(ﬂto ,Mtg such that ﬂto S“to and n,=, for all other pairs. Further, if a maximal
ideal n of pis such that n(0) = w(0) , then among all the distinct pairs of level

subsets {(n,u)} , there is exactly one pair (T]tO ,Hto) , such that n, isa
maximal ideal of p, and for all other pairs (M), Ne = . We also discuss the

maximality of an ideal m in L(uw,R) in terms of the range set
of u. We also show that for a chain L and a ring R, if n is a maximal ideal of p
with n(0) = p(0), then there exists t, e Imu such that n, is a maximal ideal of

My, and n,=; forall telm u—{t 0 } We provide an example to show that the

converse of this result is not valid. However, a partial converse of the above
result is established which states that for a chain L and a ring R, and an ideal
n of L-ring L(p,R) if there exists t,elmp such that u is a maximal ideal of ,

, Ni= forall te Imu—{to} and tgis cover of t;for some t; € lmp, thennisa

maximal ideal of p.

MAXIMAL IDEALS OF L-SUBRINGS - 11

Definition 1.1. Let L be a lattice and R be a ring. Let pe L¥. Then pis called
an L-subring of R if

(1) pX=y)zZp(x)Ap(y) V X,yeR, and
(2)  pXy) Zp(x) Apdy) vV X, yeR.
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The set of all L-subrings of R is denoted by L(R). It is obvious that if pis an L-
subring of R, then p(X) <u(0),Vv x eR . We shall call p(0) to be the tip of the L-
subring p. For convenience, we use the notation L(u, R) for the
L-subring p of R and we shall refer to it here as an L-ring L(u, R) . This
terminology is adopted in view of the fact that in this paper, we shall mainly
discuss the substructures of an L-ring L(u,R) instead of fuzzy substructures of
an ordinary ring R. In the next section, we shall define an ideal of an L-ring
L(p,R) and we will investigate its maximality in L(u,R). It is worthwhile to
mention here that in the earlier works on this topic the maximality of fuzzy

substructures such as fuzzy subgroups of a group and fuzzy ideals of a ring
were discussed by some authors.

Definition 1.2 Let pe L®. Then pis called L-ideal of R if
() pX=y)Zp)Ap(y) V X,yeR, and

(2)  u(xy) Zpx) v uy) V X, yeR.

We denote the set of all L-ideals of R by LI(R). It is obvious that if R has identity
1 and pelLl(R), then u(x) > pu(l) .

Definition 1.3 Let pe L". Let

(W) =N{vIncv; veLIR)}

Then <p> is the smallest L-ideal of R containing p and is called the ideal
generated by L.

Definition 1.4. Let ne L. For acl , we define level subset, and strong level

subset |, of pin X, as follows
Mo = {XeX | u(x) 2o}

W ={xeX|ux)>a}.
Obviously " cp and fora <fB,u cp and W cp’.
o o B o B a

23
BHARAT PUBLICATION



International Journal of Technology, Science and Engineering http://www.bharatpublication.com

(NTSE) 2017, Vol. No. 1, Issue No. I, Oct-Dec ISSN: 2457-1016

Definition 1.5. Let X eX and acl . We define x e L* as follows

(o, ifye
X ()= Ty=x
¢ To, ify#Xx

X, is often referred to as an L-point.

PRELIMINARIES

Let X be a non-empty set and L be a lattice. By an L-subset of X, we mean a
function from X to L. The set of all L-subsets of X is called the

L-power set of X and is denoted by L*. For pe L%, the set {u(x)|x eX} is called
the image of p, and is denoted by Imu. For p,vel”, if v(X)<p(X),

vV X eX, then we say that v is contained in p and we write vcou. If vepand

v # U, then vis said to be properly contained in pand we write VC¢M .
Throughout the paper, R will denote an ordinary ring.

Definition 1.1. Let L be a lattice and R be a ring. Let pe L®. Then pis called
an L-subring of R if

(1) pXx=y)zp(x)Apuy),  V xyeR, and
(2)  pxy)zp(x) Apdy) , vV X,yeR.

The set of all L-subrings of R is denoted by L(R). It is obvious that if pis an
L-subring of R, then pu(X) <p(0), v x eR. We shall call p(0) to be the tip of the

L-subring u. For convenience, we use the notation L(u,R) for the

L-subring p of R and we shall refer to it here as an L-ring L(u, R) .
Definition 1.2 Let pe L°. Then pis called L-ideal of R if
(1) pX=y)zpx)Apy), V x,yeR, and

(2)  uxy)zu(x) v uly) , VX YyeR.

We denote the set of all L-ideals of R by LI(R). It is obvious that if R has identity
1 and peLI(R), then pu(x) > p(1).
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Definition 1.3. Let ue L. For ael , we define level subset, and strong level

subset |, of pin X, as follows
Mo = {XeX [ u(x) 2o}

. ={xeX|p(x)>a}.

Obviously p cp and for a <B,u cp and p cp’.
a o i a B a

Definition 1.4. Let velL® and peL(R) with vcp. Then vis called an L-ideal
of u (or in p) if

(1) v(X —Yy) > v(X) Av(Yy), V X,yeR, and

2  vxy)z () AvY)IVVX) ARY)), ¥V X yeR

For convenience, v is called an ideal of p (or L-ring L(u,R)).

Theorem 1.5 . Let ne L® and p € L(R). Then n is an L-ideal of u if and only if, v
aelmnU{beL|b<n(0)} , n, is an ideal of u,.

Theorem1.6. Let L be a lattice and R be a ring. Let L(u,R) be an
L-ring and me L*with nc . Then n is an ideal of i if and only if each non-

empty level subset 1, is an ideal of level subset |, .

Lemma 1.7. Suppose L is a chain and R is a ring. Suppose 0,ne L° such that

Ocpand 6=,V telmp.Then O=p.

RESIDUAL OF IDEALS

Definition 2.1 . Let L be a complete lattice and L(u,R) be an L-ring. Let  and v be
ideals of u. The right quotient (residual) of ) by v, denoted by [n: ,v], is defined by

[n: V]=U{§|§<1 pand Eov c n}.
The left quotient of 1 by v, denoted by [n:, V], is define by

M vi=U{g|€<p and voE cn}.
If R is commutative, then [n:. v]=[n: Vv]. In this case it is called quotient of n by v

and is denoted by [n: Vv].
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Theorem 2.2. Let L be a complete Heyting algebra and  L(w,R) be an L-ring .Let
N,V be ideals of p. Then [n: v] and [n:v] areidealsof un. Also nc[n:;, vlcu
and ncny vlicp.
Proof. Let X,yeR. Clearly Mz Vi) =Mz v]X). Write
A = {gg < pand &ov < n}. Suppose &, &'€A. Then & and &' are ideals of p such
that £E0v <n and &'0Ov < 1. By Theorem 1.12 € +&' is an ideal of p. Now by Lemma
1.7 and Lemma 1.8, we have
(+&)ovcéov+Eoven+tn=n.
Thus &+ &' € A. Now
[n: v Al VI = vee'al vew)
EeA EeA
=v{EM) AE'(Y) | &€ €A}
(Since L is complete Heyting algebra)

<v{(E+E&)(x+y) | EE A}

<[n: v](x+y) (Since &+ &' €A)

()
Now  [n:vIkxy) =1 g lixy)

\gea )

= Vv E(xy)

EeA

ZéVA[i(X) A )]

= (|V &(X) \l’\M(Y) (Since L is complete Heyting algebra)
EeA

=[n: vIX)An(y)

Similarly [n: vI(xXy)=[n:, vI(y) An(X). Thus  [n: v] is an ideal of p. Clearly
[n:; vlc w. Since n is an ideal of u, by Theorem 1.10, mOp < n. Thus by Lemma 1.7,
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we have mMov € nop < 1. Hence me A .Therefore nc[n:, v]. Similarly [n: v]is
an ideal of pand ncn:, vl < u.

Theorem 2.3. Let L be a complete Heyting algebra. Let L(u,R) be an L-ring and 0, v
be ideals of u. Then

i) [n:, v] is the largest ideal of p with the property that [n:, v]lvc .
(i) [n: v] is the largest ideal of p with the property that v[n: v] < n.

Proof. Write A ={¢|¢<pand&vcn} .Then [n:; v]=J&.Let X eR and

EcA
X = Y UW;. Now
i1
nuw;)=(Eov) (Uiw; ) =E(u;) Av(w;), VEeA
Thus
nu;w;) = é\e/A[g(ui)/\V(Wi)]
-l v E(u )—| A V(W) (Since L is a complete Heyting algebra)

[eea T I
=[n: vI(u)Av(w;)
Hence
_ &
n(x) = n@iniJ

m
Z_Qn(UiWi)

i
o ALVl aviw);
AN My i i

i=1

Consequently
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n(x) [ :v]u) aviw ) | x=_uw
>vi4An . . . DI
i=1 i=1 J
= (:vIV)(0)

Hence, [n:, v]vE n.

Suppose A is an ideal of p such that Avcn.Bylemmal.7, Aovc Avcn . Thus
A €A and hence A C[n:, V].

Theorem 2.4. Let L be a complete lattice and L(u, R) be an L-ring. Let 1,v and 6 be
ideals of u. Then the following assertions hold.

(i) If n < v, then [n: 0] c[v:;, 6] and [6:, v] <[O:,n],

(i) If n v then [vi,n] =p,

(iii) n:r m] =n,

(iv) If n(0) = v(0) , then [n:, v] =[n:, n+V].

Proof. () Let mncv. Wit A={fé<pand £00cn}  and
B={¢|&<pand E060c v} .

Let E€ A. Then & < and £E00 cncv. Thus £€B . Hence A < B. Therefore
[n:re] = Ugg U&: [V :re]'

EeA &eB
Similarly, we can show that [0:, v] = [0:, 1]
® Letncv.Write A={&|&<pand Eonc v}. Now p < p. Since 1 < 1, we have
poncncv. Thus p e A and hence

ne Ue=[vinlcp.
EeA

Therefore [v:, n]=p.

@M Obvious.

28
BHARAT PUBLICATION



International Journal of Technology, Science and Engineering http://www.bharatpublication.com

(NTSE) 2017, Vol. No. 1, Issue No. I, Oct-Dec ISSN: 2457-1016

&) Since n(0)=v(0), by Theorem1.12, m +v is an ideal of uand ven+v.
By (i), [n: m+ vlcn:, v]-
Write A= {&| &£ <pand Eovcn}and B = {£<xpandéon+v) cn}.LetEe A

[Then & <p and OV < M. Since m < p, E0M < non < 1. Therefore, Lemma 1.7 and
Lemma 1.8, we have ,

go(n+ v) c€on+ coven+ n=n.
Hence B . Thus

[n: vl = Uec UE =[n:m + V1.

teA  teB
Consequently
[N n+ vl =[n: v].
Similar results hold for left quotients.
Corollary 2.5. Let L be a complete Heyting algebra and L(w, R) be an L-ring. Let 1
and v be ideals of p Then
0 [ vlen]=n,
(i)  [nxnvl=n,
@iy [zl v] =n,
™) [ Nv)l=n,
v [MNv)inv]=p.
Proof. (i) Since n < [n :; v], by Theorem 2.4 (ii), we have [[n SRV n]z u.

(ii) By Theorem1.13 , v is an ideal of . Since n is an ideal of u, by Lemma 1.7
and Lemma 1.11, we have

nvcnpcn.
Therefore, by Theorem 2.4 (ii), we have [n :; nv] =p.
(iii) By Theorem 2.4 (iii), [n:x n]=n.Since vcpu=[n::n], by Theorem 2.4 (ii), we
have [[n :rnle: p] =p.
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(iv) Sincem() v s an ideal of p and N v < n, by Theorem 2.4(ii), we have
[z NV)l=p.
(v) nM v and nv are ideals of w.Since mMvcmnandnv v, wehave nvenllv

Therefore by Theorem 2.4 (ii), we have [(WNV):, nv] = u.

Corollary 2.6. Let L be a complete Heyting algebra and L(u,R) be L-ring. Let 1 and
v are ideals of n with n(0) = v(0). Then

@ [(+v) n]=p

@ [(ev), (W)=,

(iif) [(n+v):r nv]zu.

Proof. (i) By Theorem 1.12, n+v isanideal of u and mcn+v. Thus by Theorem
2.4 (ii), we have [(n +v):;n]= .

(ii) Since (nﬂ v) - (n + v), by Theorem 2.4 (ii), we have [(n + v):r (nﬂ v)]:

(iii) Since nv cncn+v, by Theorem 2.4 (ii), we have [(n+v):r nv]: LL.

Theorem 2.7. Let L be a complete Heyting algebra. Let Ny,N2 seNm s v and 6 be

ideals of u, Then
(i) F n: j— M: v].

= [V ] (provided n (0) =7 (0) Vi, j).

i=1 |J i=1 " i :

m
Proof. (i) Since NS ", Y i, by Theorem 2.4(i), we have

m i V}

E[ﬂig v], Vi.

Hence ’—r;ﬂ_3v—|§m[ﬂ : V]
L rr J ir

i=1 i=1
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Write A={¢|¢<pand Eovcm,}, B:{@|oc<1uand§0vgn2},and
C-= {§|§<1p and éovgnlﬂnQ} .Let X eR . Now

[ (]

(e : vINI2: VD) =1 Ug N Ug' i)
[leen ) B )]

“vee) Wivew)

\eea~ ) \é’\eB

= e e

&’EBL EecA M
( ](Since L is a complete Heyting algebra)
=v v (5() AE'(x)
E'eB [EcA f

(Since L is a complete Heyting algebra)
=V {EM)AE (X)|EeA, E'eBY .
Let E€ Al@nd El € B. Then ¢ and &' are ideals of u. Also  £ovcmn, and E'oven,.
Now by Lemma 1.9, £ (&' is an ideal of uand by Lemma 1.7, we have
(ENé&Hovc (ov) N (Eov) = mifn,.
Thus &) &' eC. Hence
MNnov] = UE2ULENEgle e A & e B,

Therefore
[Nz VI 2 v{ENE) (%) [ & € A e B}
=ViE)AE (X)IE€A L' eB }
= ([ni 2 vININz 3 VD (X)
Hence
M1 vINM2 5 v Nz vl
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Consequently
[Nz vl =g vINe i vl
(ii) By Theorem 1.12, n; + is an ideal of p such that m,cm+n, and
N2 € M1 + Mo - Thus by Theorem 2.4(i), we have
[vim+nlclvy mland [v: m+ny]c v nel
Hence [v:n; + npl[vi ]l 2]
Write A = {£|& <pand Eon; c v}, B={¢|&<puand &on, c v} and
C={§I§ <pand gom;+mo) =V}
Let X eR. Then ([v oMt nQ])(X) = é\e/C &(x). Now

(v MmNy 2DE =V i 1lE ALY 12 1)

=(vee Infiv a'(x)jl

\tea ) \eeB
=v{&(X) AE'(X)| E€ A, E'e B}

(Since L is a complete Heyting algebra)

Let E€ A, &' eB. Then £and &' are ideals of p. Also &om,< v. &'on, < v . Now by
Lemma 1.9, £ &' is an ideal of pn. Now

(ENENo(n; +nz) < (ENENoN, +(EMNE )on, (by Lemma 1.7)
c Eony+&'on,
cvV+v=v.

Thus &) &' C. Hence
[V:r M+ le)]: UKQU{ﬁﬂ E'lEeA, &' eB}.

reC

Therefore
[Vim+m ] 2v {ERAEX)|EcA,E e B}
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=([vi: mu]N[vi n2 D)

=([vi: m]N[v n2 D)
Thus [vimy+np] =[vi Oy ;2]
Theorem 2.8. Let L be a complete Heyting algebra and L(u, R) be an L-ring. Let m,v
and O be ideals of 1. Then
@ [n ve] =[: 6] v]
i) [muve]= [nxv]:6]
Proof. By Theorem1.13, vO is an ideal of p. Write A= {ﬁ | & < and &ovg[n o 6]}
and B ={¢ | £ <pand £o(v0)cn}. Then

[n:: 6]: v]=U{&1g e A} and [n:,v0] =U[§ | &  B].
To show that [n :, vO] = [[n:; 0]:; v], it is sufficient to prove that A =B.
Let £€ A. Then £ <p and &ov c [n :; 0]. By Lemma 1.14, we have &v < [n :, 0]. By
Theorem 2.3, [n :; 6]6 < 1. Thus by Theorem 1.7, we have
g(v0) = (ev)0 = [n: 0]0 = .

Hence by Lemma 1.14, we have é’;o(ve) . Therefore e B. Thus A < B.

Conversely, suppose that E€ B . Then < u and &0(\/6) N . By Lemma 1.14, we

have &(ve)g M. Hence by Lemma 1.7, we have (£v)0=¢ (vO)cn . Since € and v are
ideal of u, by Lemma 1.13, &v is an ideal of p. That is Ev is an ideal of u and

(£v)6 = n. By Theorem 2.3, [n :; 0] is the largest ideal of p such that [n:. 6] 6 <.
Therefore &v < [n :; 0]. Hence by Lemma 1.14, we Eovc [n:6]. Thus & e A.
Therefore B A. Consequently A=B.

Theorem 2.9. Let L be a complete Heyting algebra and L(u,R) be an L-ring. Let 1, v
and 0 be ideals of u. Then

(i) [ﬂ T V] - [ﬂe T Ve]
(i) [y v]l<[On: 6v].
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Proof. By Theorem 1.13, MmO and vO are ideals of p. Write
A= {&]| & < pandov c n} and B = {¢J¢ < pand&o(ve) = nO}. Then
M vl =U{&|& € A} and[m6:, vO]=U{¢|¢ € B}.

Suppose & € A.Then & <u and &£Ov < m. Therefore by Lemma 1.14, we have
&v < n.Thus by Lemma 1.7, we have

E(v0) =(Ev)dcno.
Hence, by Lemma 1.14, we have, £0(v0)cn® .Thus &e B. Hence A — B. Therefore

e vl =U{glee AlcU{glge By =m0, vo.

REFERENCES
1. Ajmal, N. and Sunil Kumar, Lattice of subalgebras in the category of fuzzy groups, The
Journal of Fuzzy Mathematics , Vol. 10, No. 2 (2002) 359-369.
2. Malik, D.S. and Mordeson, J.N., Fuzzy maximal, radical, and primary ideal of a ring,

Inform. Sci. 53 (1991) 237-250.

3. Malik, D.S., Mordeson, J.N. and Nair, P.S., Fuzzy normal subgroups in fuzzy subgroups,
J. Korean Math. Soc. 29 (1992) 1-8.

4, Mordeson, J.N., L-subspaces and L-subfield, centre for Research in Fuzzy Mathematics
and Computer Science, Creighton University, USA. 1996.

5. Modreson, J.N. and Malik, D.S., Fuzzy Commutative Algebra, World Scientific
Publishing Co. USA. 1998.

6. Yu Yandong, Mordeson, J. N. and Cheng, Shih-Chuan, Elements of L-
algebra, Lecture notes in Fuzzy Mathematics and Computer Science 1, Center for
Research in Fuzzy Mathematics and Computer Science, Creighton University, USA.
1994.

34
BHARAT PUBLICATION



